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the same order of magnitude as that of the ﬁller binder. In addition, it is believed that the static indeter-
minacy of the unbound particles helps to explain much of the strain variation at given stress level that is
observed in tensile experiments of composite propellants.
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Composite propellants made of solid oxidizer such as ammo-
nium perchlorate or ammonium nitrate, a rubber such as HTPB
or PBAN (may be replaced by energetic polymers such as polyglyc-
idyl nitrate or polyvinyl nitrate for extra energy), optional highly
explosive fuels (again, for extra energy) such as RDX or nitroglyc-
erin, and usually a powdered metal fuel such as aluminum. Ammo-
nium perchlorate is an inorganic compound with the chemical
formula NH4ClO4. It is also known as the salt of perchloric acid
and ammonia. It is a powerful oxidizer, which is why its main
use is in solid propellants.
There are four different types of solid propellant compositions
(Vogt et al., 2002): (a) single based propellant that has nitrocellu-
lose as its main explosive ingredient, where stabilizers and other
additives are used to control the chemical stability and enhance
the propellant’s properties (b) double based propellant that con-
sists of both nitrocellulose and nitroglycerin while other liquid
organic nitrate explosives are added where the stabilizers and
other additives are also used. Nitroglycerin reduces smoke butincreases the energy output. Double based propellants are used
in small arms, cannons, mortars and rockets (c) triple based pro-
pellant that consists of nitrocellulose, nitroquanidine, nitroglycerin
and other liquid organic nitrate explosives. Triple based propel-
lants are used in cannons (d) composites contain no nitrocellulose,
nitroglycerin, nitroquanidine or any other organic nitrate. Compos-
ites usually consist of a fuel such as metallic aluminum, a binder
similar to synthetic rubber and an oxidizer known as ammonium
perchlorate. Composite propellants are used in large rocket motors.
Ammonium perchlorate (AP) is produced by the reaction caused
between ammonia and perchloric acid, and is the driver behind
the industrial production of perchloric acid. It can also be prepared
by the treatment of ammonium salts with sodium perchlorate. This
process exploits the fact that the solubility of NH4ClO4 is about 10%
of that for sodium perchlorate. Ammonium perchlorate crystallizes
into colorless rhombohedra. The majority of ammonium perchlo-
rate is used to make solid propellants. When the ammonium per-
chlorate is mixed with a fuel, like a powdered aluminum and/or
an elastomeric binder, it can generate self-sustained combustion
under atmospheric pressure. It is an important oxidizer with a dec-
ades-long history of use in solid rocket propellants space launch
(including the Space Shuttle Solid Rocket Booster), military, ama-
teur, and hobby high-powered rockets, as well as in some
ﬁreworks.
Landel (1961) was one of the pioneers to examine the viscoelas-
tic properties of rubberlike composite propellants. Many materials
List of symbols
JI stretch invariants (i = 1,2,3)
ki stretch ratio
ti principal true stress
ri principal engineering stress
Wi ¼ @W@Ji derivatives of strain energy function W, with respect to
stretch invariants
l shear modulus of the material
lnl nonlinear shear modulus of the material
f material parameter
k rate constant
2020 P.A. Kakavas / International Journal of Solids and Structures 51 (2014) 2019–2026of engineering importance have exhibited signiﬁcant viscoelastic
behavior in natural environments while been under mechanical
loading of practical interest. An overview of the constitutive equa-
tions and models for fracture and strength of nonlinear viscoelastic
solids was given by Schapery (2000). According to Schapery’s paper
the nonlinearities may be due to intrinsic, locally nonlinear stress–
strain behavior that exists practically down to atomic or molecular
scale, or may be due to the combined effect on macro-stress–strain
equations of many defects that are large enough to be modeled
using local continuum mechanics such as distributed micro-cracks
or dislocations. Balzer et al. (2004) have investigated the effect of
grain size on the high rate mechanical properties of an ammonium
perchlorate (AP)/hydroxyl-terminated polybutadiene (HTPB) PBX.
This PBX consisted of 66% AP and 33% HTPB by mass. The ammo-
nium perchlorate was available in four different crystal sizes: 3,
8, 30, and 200–300 lm. Ho (2002) used a softening pre-multiplier
to describe 1-D nonlinear viscoelastic response so as to study the
response of solid propellants (e.g., HTPB/ammonium perchlorate)
under high strain-rates ranging between 103 and 104 s1. Using rig-
orous homogenization theory for composite materials, Xu et al.
(2008) have proposed a general 3-D nonlinear macroscopic consti-
tutive law, which models microstructural damage evolution upon
straining through continuous void formation and growth. Nonlin-
ear viscoelastic response of reinforced elastomers is modeled using
a three-dimensional mixed ﬁnite element method with a nonlocal
pressure ﬁeld, which was studied by Areias and Matouš (2008). A
general second-order unconditionally stable exponential integra-
tor based on a diagonal Padé approximation was developed and
the Bergström–Boyce nonlinear viscoelastic law (Bergström and
Boyce, 1998) is now employed as a prototype model. An implicit
ﬁnite element scheme with consistent linearization is used and
the novel integrator is successfully implemented.
Sakovich (1995) has developed a computer-aimed approach for
primarily optimization of propellant formulations. Possible ways of
designing the advanced components of composite solid propellants
(binders, plasticizers, curative agents, and oxidizers) were taken
into consideration. Tussiwand et al. (2009) have studied an inno-
vated set of fracture tests performed on a composite solid propel-
lant based on ammonium perchlorate hydroxyl-terminated poly
butadiene. An approach to simulate the motion of spherical and
non-spherical fuel particles in combustion chambers was studied
by Dziugys and Peters (2001). According to the work published
by Dziugys and Peters (2001) viscoelastic contact forces include
normal and tangential components with viscoelastic models for
energy dissipation and friction. The method was applied to simu-
late the motion of spherical and elliptical particles in a rectangular
enclosure, on a traveling grate and in a rotary kilm. Two ap-
proaches were applied to simulate the motion of the granular
material (a) continuum mechanics and (b) discrete element. Theo-
retical and computational studies of viscoelastic solids are also
well described (Simo and Hughes, 1998; Holzapfel, 2000).
In order to investigate the mechanical behavior of propellant
materials one must understand the response of a continuum
rubber material, since the binder in propellant solids is usuallyfound in this type of medium. After that, one must examine (1)
the response of a foam binder, when the oxidizer in propellant sol-
ids is placed in a highly foamed medium (2) also the response of a
ﬁlled system when the propellant includes ﬁller particles such as
speciﬁcally ammonium perchlorate. Finally the response of a gran-
ular medium since the whole system is based on that medium. The
analysis of the continuum binder will lead to the appropriate the-
ory for the binder while considering it as a rubber-like solid which
is the purpose for which the theory of rubber elasticity is used.
Taking into account that the Blatz–Ko model is also used for this
purpose the related constitutive equation is posed. The experimen-
tal data for an unﬁlled neoprene rubber material were analyzed in
order to write the appropriate constitutive equation of this rubber
material. By comparing the experimental data with the theoretical
model one can compute the involved material parameters in the
model. The experimental data were given based on three different
temperatures: (a) At room temperature (b) below and (c) above
this value. Experimental data were also posed for polyurethane
foam ﬁlled with glass beads. The experimental data were ﬁtted
in with an appropriate theory of rubber elasticity. Relaxation data
for a propellant material ﬁlled with ammonium perchlorate parti-
cles were also discussed and the data were ﬁtted in agreement
with Cole’s distribution function for the same propellant solid.
Creep data for the same propellant were also presented.
In the present article, the mechanical behavior of a propellant
material reinforced with ammonium perchlorate particles was
studied thoroughly. The theory of continuum binder is estab-
lished in Section 2, where its response is contained in the strain
energy function. In Section 3 the prediction of the mechanical
behavior of foams in terms of the void content, hole size and rub-
ber phase properties is described. In Section 4 the theory for ﬁlled
binder is described while the generalized theory for granular
solids that can be applied for the ammonium perchlorate parti-
cles is described in Section 5. Finally, we have decided to present
some of the theory of soil mechanics, so as to help one to under-
stand the nature of the forces that are developed between the
particles.
2. Continuum binders
Modern composite propellants incorporate various thermoplas-
tic and thermosetting resins or elastomers with a variety of ni-
trates or perchlorates as oxidizers. The most popular of the
composite propellant systems in current use consist of ammonium
perchlorate as the oxidizer and usually a copolymer or terpolymer
of butadiene with other monomers such as acrylic acid or acryloni-
trile as the binder. The analysis of this section will help one to com-
pletely understand the response of the binder to the propellant
medium. This response is contained in the strain energy function
W, which because of the principle of material indifference to rigid
body motions in isotropic space, is an explicit function of the
stretch invariants Ji (Blatz and Ko, 1962):
The constitutive equation derived from the function W , by the
principle of virtual, is given by:
Fig. 2. Experimental stress relaxation of Neoprene GNA at 18 C.
Fig. 3. Experimental stress relaxation of Neoprene GNA at 60 C.
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W1k
2
i 
W2
k2i
 !
þW3 ð1Þ
where ki denotes the stretch ratio along a principal geometric axis,
ti deﬁnes the principal true stresses, i.e., the force per unit current
area of the sample, is deﬁned by Wi ¼ @W@Ji and ri are the principal
engineering stresses or load/unreformed area. For most rubber
materials Wiði ¼ 1;2Þ may be treated as constants, in which case
we write (Blatz and Ko, 1962):
W1 ¼ l2 f ; W2 ¼
l
2
ð1 f Þ; W1 þW2
¼ l
2
ðin agreement with Hooke’s lawÞ ð2Þ
where l deﬁnes the shear modulus of the binder’s material and f is
a material constant that will be determined later after studying
experimental data. Actually the parameter f indicates the deviation
of a real rubber material from the neoHookean strain energy func-
tion. For f ¼ 1 the material is neoHookean and for 1 < f 6 f  the
material behaves as Mooney–Rivlin. For more details one can con-
sult the paper by Blatz and Ko (1962).
Furthermore, most continuum rubbers are practically incom-
pressible, J3 ¼ 1, in which case Eq. (1) becomes:
ti ¼ kiri ¼ l fk2i 
1 f
k2i
 !
þ J3W3ðJ3Þ ð3Þ
Since the principal stresses difference is independent of W3 the
use of it permits one to determine l; fgf directly by plotting
rikirjkj
k2i k2j
¼ l f þ 1f
k2i k
2
j
 
vs 1
k2i k
2
j
. In order to determine W3, it is neces-
sary to express the ki as function of J3.
For the special case of simple tension (k1 ¼ k; k2 ¼ k3 ¼ 1=
ﬃﬃﬃ
k
p
) to
which we shall now restrict the discussion, Eq. (4) becomes:
lnl :¼
r
k 1
k2
¼ l f þ 1 f
k
 
ð4Þ
where lnl stands for nonlinear shear modulus. Eq. (4) suggests that
a plot of lnl vs k
1 should yield a straight line if Eq. (3) are valid.
Figs. 1–3 show the form such plots take for experimental data
(Blatz, 2009) obtained on Neoprene-GNA rubber at 24 C, 18 C,
and 60 C. The way the experimental data were produced, errors
and related problems were not provided. In addition, there is a
region in Figs. 1 and 2 beyond k ¼ 3, where the stress rises rapidly
to the expected straight line region of each curve plotted at a given
time and temperature. At the molecular level, this is due to theFig. 1. Experimental stress relaxation of Neoprene GNA at 24 C.stretching of the chain to the limit of statistical extensibility.
Now, it is noted that the slopes of the straight line regions in Figs. 1
and 3 remain constant, whereas, in the region of rapid up-sweep,
the slope decreases rapidly with time until it is equal to the slope
of the straight line region. This implies that the chains are not well
cured chemically so, after they have been stretched out to the limit
of their extensibility, either the chemical juncture point’s yield un-
der stress or the entanglements slip. In either case, as time ensures,
the character of the rubber becomes Mooney–Rivlin. Furthermore,
since the slope remains constant with time, this implies that
2W2 ¼ lð1 f Þ ¼ cons tan t ð5Þ
And therefore, since l decreases with time, f and W1 also de-
crease with time, consequently both of them become negative.
Once they are negative, there is a maximum value of stretch which
the network can sustain in tension, obtained by setting Eq. (5)
equal to zero, i.e.:
k ¼ 1 1
f
¼ W2
W1
ð6Þ
It will be of great interest to relate this value of k to the ulti-
mate or failure properties of the material.
For incompressible materials holds:
J3 ¼ 1 ð7Þ
Fig. 4 shows how the shear modulus, obtained from the inter-
cepts of the straight line regions with the ordinates of Figs. 1–3
at k ¼ 1 varies with time at each of the three test temperatures.
Fig. 4. Temperature and time dependence of Neoprene GNA.
Fig. 5. Stress-stretch behavior of a polyurethane foam ﬁlled with 70% glass beads
(40 l in diameter).
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within the range of rubbery behavior, where the shear modulus is
of the order of 689.5 kPa, while the 60 C experimental data fall
well within the range of glassy behavior, where the shear modulus
is of order of 689.5 MPa, a thousand fold larger than the rubbery
modulus.
The glass transition temperature is estimated to be at 32 C,
which indicates that a typical binder in the rubbery temperature
range behaves as a representative of a Mooney–Rivlin strain energy
density with all time dependence contained in the ﬁrst Mooney–
Rivlin constant. This is a very important characterization for two
reasons: (1) it allows one to predict viscoelastic response to any
kind of loading pattern dynamic, quasi-static, by using the theory
of nonlinear viscoelasticity (2) in addition to the response behavior
of a binder, it is important to characterize the failure behavior. Ko
(1963) has shown that the failure surface of natural rubber, which
includes 2% sulfur, in the +++ octant of principal stress space is a
tetrahedron, the three faces of which intersect at a right angle at
an apex of the hydrostatic vector. The projection of these three
faces is of course the dilatational plane, so that the volume encom-
passed between the apex of the tetrahedron and the dilatational
plane is one over six of a cube erected by mirror like reﬂection of
the apex through each of three coordinate’s planes. The physical
signiﬁcance of the failure criterion associated with this surface is
that rupture occurs when the mean deviatoric stress reaches a crit-
ical value. Thus natural rubber does not fail by a dilatational mode,
it does in fact exceed the critical values associated with the dilata-
tional mode to fail by a distortional mode. This type of distortional
mode may not be evinced in the ++ or + octants, in which case
the failure surface would have to have convex discontinuities. For
more details of this approach one can consult the PhD dissertation
written by Ko at Caltech (Ko, 1963).
In the next section we present the appropriate theory, for
foamed binders, which is necessary to predict the response of a
propellant material.
3. Foamed binders
To begin with, here we will predict the mechanical behavior of
foams in terms of the void content, hole size, and rubber phase
properties. The equilibrium mechanical behavior of foams can be
interpreted independently of the previously mentioned factors, in
terms of a strain energy density which is associated with
compressibility and a constitutive equation of type of Eq. (8):
riki  rjkj
k2i  k2j
¼ l f þ 1 f
k2i k
2
j
 !
ð8ÞBoth of these points have been investigated. Ko (1963) has
shown that polyurethane foam containing 47% voids is character-
ized by:
W1 ¼ 0; W2 ¼ l2 ; W3 ¼ lJ
a
3 ð9Þ
where a ¼  4m12m1l ﬃ l when m ¼ 1=4
Furthermore, Ko (1963) was able to relate the measured value
of m ¼ 0:25 to the void content of the foam, assuming the rubber
phase to be incompressible. Similar studies have been performed
by Kakavas and Blatz (1991) for ‘poker chip’ rubber sample under
triaxial stress conditions. Thus a foamed rubber differs from a con-
tinuum rubber only in the form of the dilatation term: for the con-
tinuum rubber, k is a linear function of the hydrostatic pressure;
for the foam J3W3 is a linear function of the dilatation, with
m ¼ 0:25. Both species of rubber are Mooney/Rivlin near in their
shear behavior. The theory for ﬁlled binders is presented in the
next section.
4. Filled binder
Like the unﬁlled foam, the ﬁlled binder dilates upon stretch and
the constitutive Eq. (2) must be used to characterize it. In simple
tension, this becomes, assuming Mooney–Rivlin shear behavior:
kr ¼ l fk2  1 f
k2
 
þ J3W3 ð10Þ
0 ¼ l f J3
k
 ð1 f Þ k
J3
 
þ J3W3 ð11Þ
or equivalently,
r
k J3
k2
¼ lnl ¼ l f þ
1 f
kJ3
 
ð12Þ
W3
l
¼ ð1 f Þ k
J23
 f
k
ð13Þ
From the straight line plot of lnl vs. 1=kJ3, one can determine
the parameters l and f. Eq. (13) then allows one to calculate W3
which can then be curve ﬁtted to some function of J3. This proce-
dure was carried out for data obtained in simple tension at 24 C
and a strain rate of 2 in/min on a polyurethane binder ﬁlled with
70% vol., glass beads. Fig. 5 shows how the nonlinear shear
modulus, lnl, varies with the stretch ratio k. Apparently there are
two regions of behavior, one below 20% strain in which dewetting
Fig. 6. Dilatational strain energy gradient of ﬁlled polyurethane foam.
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when one looks at Fig. 6, where the dilatational strain energy gra-
dient is plotted vs. J3. After k ¼ 1:2, the relation becomes linear.
Within this range, one then has:
W3
l
¼ A BJ3 ð14Þ
Since this expression must be reduced to Hooke’s law, A and B
are uniquely determined in terms of Poisson’s ratio leading to
the expression (see ref. Dziugys and Peters, 2001):
W3
l
¼ 4ð1 f Þ  2ð1 mÞ
1 2m
 
 2ð1 mÞ  1
1 2m
 
J3 ð15Þ
Since A and B are interrelated, the calculation of m serves as a
double check on the self-consistency of the data and the assump-
tion made in deriving Eq. (15). Both the measured slope and inter-
cept of the straight line region of Fig. 6 give the same value of
Poisson’s ratio, e.g. m ¼ 0:25. This is in striking agreement with
the results obtained by unﬁlled foams. Thus a polyurethane propel-
lant behaves after pull away much like foam.
The region in which pull away occurs is the region in which f
and l fall off rapidly. After pulling away, the parameter f has be-
come negative, so we have the following comparison (see Table 1):
Before pulling away, f and l need to be strongly time and rate
dependent. In addition, a study of the relation between the above
tabulated parameter and the state of adhesion of the binder to
the beads is contemplated.
5. Analysis of a rubber matrix ﬁlled with ammonium
perchlorate particles
Below we analyze the problem of ﬁlled rubber matrix with
ammonium perchlorate particles which is the case of solid propel-
lant materials. A simple force balance will develop the minimum
force needed to cause slippage between the particles. At room
temperature, the average stress relaxation time for a continuum
rubber held at a given stretch is of the order of nanoseconds. Any-
one who has stretched a rubber band to a given stretch level isTable 1
Values of the parameter f for neoHookean continuum rubber foamed polyurethane
rubber and an unbounded ﬁller.
neoHookean continuum rubber f = 1 m = 0.5
Foamed polyurethane rubber f = 0 m = 0.25
Pull away at k ¼ 1:2 unbound ﬁller, or granular medium f = 1 m = 0.25aware of the absence of any decrease in stress after arriving at
the ﬁxed stretch level. On the other hand, composite propellants
do evince long time stress relaxation in this sort of test. For exam-
ple, a sample stretched 40% will take six months to relax its stress
to less than 1% of the original value. What is the reason for this
slow delay process? It is believed this is mostly due to particle –
binder frictional forces, and partly to particle-particle frictional
forces. Furthermore, it is believed that most binders ﬁlled with
80–90% wt., as is the case of rubber ﬁlled with ammonium perchlo-
rate particles, of particles are not well cured, and that, during the
six months of relaxation, the chains disentangle and yield. This pic-
ture is consistent with the behavior shown in Figs. 1 and 3. On the
other hand this disentanglement is not a completely irreversible
process, since it is known that, after removal of the applied strain,
the sample will recover completely. This merely proves that the
adhesion is strong enough to cause the chains to reentagle, but
not necessarily in their original conﬁgurations, so chemical link-
ages play a secondary role related to failure processes in highly
ﬁlled composites.
Accepting the picture that chains will disentangle and yield, as
well as ﬂow slowly under the retardation by particle-binder fric-
tional forces, one is forced to conclude that the particles as well will
tend to move to new positions of equilibrium, while the stress is re-
laxed.Onewould like toknowwhat sort of forces act on theparticles.
That leads us to the question, what are the forces operating between
the unbound particles? The other part which deals with the ﬁller-
binder frictional forces will not be presently discussed.
Regarding the studies which we shall discuss, we worked with
high speed micropulvarized ammonium perchlorate particles ca.
40 l in diameter. These types of material will not lose weight after
sitting in an oven for three hours at 120 C, and yet the particles are
deﬁnitely sticky to the touch. Thus any surface moisture is chemi-
cal bound and the material must be classiﬁed as cohesive, in the
sense that cohesion is promoted by intersurface chemical forces.
Below we will try to connect the concepts of granular mechan-
ics solid propellant materials reinforced with ammonium perchlo-
rate particles. In contrast to ammonium perchlorate particles, sand
is a non-cohesive material. Both of these granular media can be
characterized by the concepts of soil mechanics (Das, 2008; Scott,
1980), but the application to a medium such as sand is much sim-
pler. We shall therefore discuss some of the ideas of granular
mechanics, which do apply to sand and simultaneously indicate
the modiﬁcations that need to be introduced to characterize
ammonium perchlorate.
The basic idea of granular elasticity is that stress is transferred
though a granular body by normal and shear forces operating at
points of contact between more or less regularly packed particles.
These points of contact are actually deformed into areas of contact
and under the assumption that the radius of the area of contact is
small with respect to the mean radius of curvature of the two par-
ticles at the point of contact. Hertzian mechanics prevail and pre-
dict a nonlinear stress–strain relation (Johnson, 2003). Here we
shall treat the particles as rigid and inquire concerning the forces
acting on them. In addition to forces generated by surface trac-
tions, there may also be cohesive forces. This is certainly the case
of ammonium perchlorate particles, a measure of which is ex-
pressed by the statement that a cylindrical hole one inch in diam-
eter by four inches in depth may be dug with sheer sides. If the
cohesion were zero, the hole would necessarily be conical; the an-
gle of the cone will depend on the static angle of repose of
particles.
The basis of viscous response in a granular medium lies in the
departure of the packing from a so-called perfectly dense structure.
Thus, in any granular medium the result of viscous response is an
increase in density termed compaction. In postulating the existence
of a perfectly dense structure, it is assumed that all particles are
Fig. 7. Experimental stress relaxation data of HSMP ﬁlled with ammonium
perchlorate particles diameter of 40 l.
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for many granular materials. The perfectly dense structure for uni-
form spheres is either face-centered cubic (fcc) or hexagonal (hcp)
in symmetry. In geometry, close packing of spheres is the construc-
tion of an inﬁnite regular arrangement of identical spheres so that
they take up the greatest possible fraction of an inﬁnite 3D space
which means that they are packed as densely as possible. Gauss
proved that the highest average density that can be achieved by
a regular lattice arrangement is equal to p=3
ﬃﬃﬃ
2
p
¼ 0:74048. This
can be easily proved if one considers eight spheres in the vertices
of a cube and six spheres on the faces (Conway et al., 1993). Every
sphere on the vertex is shared to eight cubes and each sphere on
the face is divided to two cubes. Hence, the unit cell is:
V spheres i unit cell ¼ 818þ 6
1
2
 
4p
3
r3 ¼ 16p
3
r3 ð16aÞ
The diagonal of the face is 4r, so each side is 2
ﬃﬃﬃ
2
p
r. The volume of
the unit is:
Vunit cell ¼ 2
ﬃﬃﬃ
2
p
r
 3
¼ 16
ﬃﬃﬃ
2
p
r3 ð16bÞ
and the packing density is:
gccp ¼
16p
3 r
3
16
ﬃﬃﬃ
2
p
r3
¼ p
3
ﬃﬃﬃ
2
p ð16cÞ
Looseness of granular media may be promoted either by remov-
ing an occasional sphere from a close-packed structure, or by mix-
ing islands of close and loose packed structures. An example of a
loose-packed structure is a simple cubic one.
Before discussing in process a compaction, let us analyze the
forces that must operate so as to make a dense structure to ﬂow.
Knowing this, we then can make an estimate of the forces involved
in causing a loose structure to become dense. By retarding the
operation of these frictional forces through some sort of relaxation
process, we can then arrive at a basis for viscoelasticity in granular
media. Finally we shall demonstrate this experimentally, and com-
pare its scale with that observed in propellants. If a hydrostatic
pressure r3 is applied to such an array of spheres, the force normal
to each face of the unit cube will be F ¼ 8R2r3, since the edge of the
unit cube is 2
ﬃﬃﬃ
2
p
R, where R is the radius of the sphere. The resul-
tant force normal to the surface of the hemisphere in the center
of a given face of the unit cube is 4R2r3 since the total face exposes
one circle (the plane surface of the hemisphere) and four quadrants
(the plane surfaces of the solid octants). This force is reacted to by
four equal forces at the four points of contact of the hemisphere
with four of the ﬁve other hemispheres; it does not contact with
the ﬁfth. Its contacts with the four octants are orthogonal to the
direction of the force we are discussing and since there are no tan-
gential forces because the loading is hydrostatic, these four con-
tacts do not contribute a resulting to the reactant force. The
angle of the contact between each of the hemispheres is 45 degrees
measured relative to the direction of the force on the given face, so
that the contact force between each pair of hemispheres is
4R2r3
4 cos p4ð Þ ¼
ﬃﬃﬃ
2
p
R2r3.
Now consider a hexagonal plane in which a given sphere is sur-
rounded by six spheres in plane, three above, and three below, for a
total of twelve. The three spheres above contribute a total force
normal to the direction cosine of each upper sphere with respect
to the normal. Now suppose that, in addition to this normal force,
a force Fmaking angle bwith y-axis, in the y-z plane is added to the
force system, where z is the axis normal to the hexagonal plane, y is
collinear with a row of spheres in the plane, and x of course is
orthogonal to the other two axes. The extra force F will tend to lift
one hexagonal layer out of the valleys and cause it to slide over thecols (saddle valleys) into the next set of valleys. A simple force
balance shows that minimum force is needed to cause slippage
for an assumed friction constant n, is given by:
Fmin
2
ﬃﬃﬃ
3
p
R2r3
¼ 1
k cosðbÞ  sinðbÞ ð17Þ
where
k ¼ 2ð
ﬃﬃﬃ
6
p
 nÞﬃﬃﬃ
3
p
þ 4
ﬃﬃﬃ
2
p
n
ð18Þ
This force in turn is produced by a deviator stress acting at an
angle b on the hexagonal plane. Since the projected area of the unit
hexagon is 6
ﬃﬃﬃ
3
p
R2 sinðbÞ and since one sphere occupies one third
the unit hexagon area, the force is given by:
Fmin ¼ 2
ﬃﬃﬃ
3
p
R2 sinðbÞDr12 ð19Þ
where Dr12 ¼ r1  r2.
Thus the work done in moving the sphere from a valley to a sad-
dle point is proportional to Dr12 ¼ r1  r2, whereas by Eq. (17),
the minimum force necessary to initiate motion is proportional
to r3 and some function of the friction constant. In the case of
cohesive materials, the minimum force must include a constant
term to overcome cohesion so that the work done includes an en-
ergy constant for the breaking of cohesion. Accordingly, we have to
write for ammonium perchlorate spheres as:
DW ¼ Aþ BDr13 ð20Þ
where Dr13 ¼ r1  r3
The constants A and B will be adjusted to ﬁt available experi-
mental data. Strictly speaking, we should express A and B as func-
tions of b in an analogous fashion to what was done in leading up
to Eq. (17); however, we shall present experimental data only for a
given b, and we will not press the analysis further. It has already
been pointed out that the time scale associated with stress relaxa-
tion in composite propellants is of order of several months. In order
to assess the time scale of frictional force relaxation among granu-
lar particles, a series of tests was carried out in which HSMP
ammonium perchlorate particles packed in a 4  1 inches thin rub-
ber cylinder were loaded up with a constant hydrostatic pressure
and an initial deviator load which was allowed to relax. Experi-
mental data were provided by Blatz (2009). Fig. 7 shows the relax-
ation curves obtained at a given constant initial displacement. The
precise value of this displacement is unimportant because of the
lack of deﬁnition of the state of compaction of the sample from test
to test. As a result the dimensionless ratio of instantaneous stress
to initial stress is plotted.
Fig. 9. Experimental cyclical creep displacement data of ammonium particles,
sample #1, uncompacted, under a 66.7 N load.
Fig. 10. Experimental cyclical creep displacement data of ammonium perchlorate
particles, sample #1, partly compacted under a 133.4 N load.
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the relaxation of stress. Patently, they are frictional processes;
but at the molecular level, friction loses its meaning. Instead, it is
suggested that the atoms in the constant area are jumping around
with a quantum frequency kBT/h, where kB denotes the Boltz-
mann’s constant and h the Plank’s constant.
In order to deﬁne the rate constant for the jump process, we
must take account of the realities of the packing. Actually, there
are probably islands of various types of regularity, various degrees
of looseness, and various states of orientation. This is empirically
equivalent to saying there is a distribution of relaxation times. A
typical distribution function, which works well for composite pro-
pellants, is the Cole distribution which leads to the following
expression for stress relaxation (Cole and Cole, 1941; Davidson
and Cole, 1950, 1951).
r
r0
¼ 1
1þ ktn ð21Þ
where k is the rate constant. Fairly good straight-line plots of
log r0r  1
	 

are shown in Fig. 7. The order of magnitude of the
log–log slopes n is the one found for composite propellants. There
is however an irregular variation of the slope with the hydrostatic
pressure r3. Because of the lack of deﬁnition of the state o compac-
tion, analysis of this effect cannot be pursued. Furthermore, in order
to correlate the rate constant with the hyperbolic sine of the stress
deviator, it is necessary to determine the temperature dependence
of the relaxation process since the proportionality constant B of
Eq. (1) which multiplies the stress deviator should go as one over
the absolute temperature. Without this information virtually any
constant can be chosen to give a good straight line relation between
the rate constant and hyperbolic sine of the stress deviator work
term. So, the main conclusion we can draw from these relaxation
experiments is that the distribution of relaxation times is similar
to that observed in propellants but the time scale of relaxation is
shorter by perhaps a factor of ﬁve. This latter estimate is based on
the facts that the time to relax to 1% of initial stress is six months
for composites, one month for granular media of the type we are
discussing.
In addition to relaxation data, we have also run creep data, the
main features of which are summarized in Figs. 8–11. In Fig. 9
we have noted that a sample subjected to initial constant load of
66.7 N creeps much more rapidly during the ﬁrst cycle than the
same sample in subsequent cycles. Furthermore, when the load
is varied from 66.7 N to 133.4 N, on the same sample (see
Fig. 10), the creep displacement is not changed signiﬁcantly. If aFig. 8. Experimental stress relaxation data of ammonium perchlorate particles
rectiﬁed according to Cole distribution function.
Fig. 11. Experimental cyclical creep displacement data of ammonium perchlorate
particles, sample#2, uncompacted, under a 133.4 N load.fresh sample (Fig. 11) is cycled under a 133,4 N load, again the ﬁrst
cycle produces much more creep than subsequent cycles which lie
in the same range of displacement as it was obtained with the ﬁrst
sample. Thus the ﬁrst reaction of the granular media to load is to
2026 P.A. Kakavas / International Journal of Solids and Structures 51 (2014) 2019–2026compact. Presumably it does this under minimum value of stress
deviator as shown by Eqs. (17) and (18), modiﬁed to account for
cohesion. The secondary reaction is primarily elastic.
Now by inference we can extend this line of thinking to bound
granules, or composite propellants. Because of the elastic con-
straints of the binder, the amount of compaction is limited in that
particle which are not completely free to move in the direction of
producing a dense structure. Furthermore, the amount of looseness
in composites is much lower than that of the granular media. The
average soil has a porosity of 35%. The ammonium perchlorate we
studied had a porosity of 48%, whereas a completely dense struc-
ture has a porosity of 26%. In the propellant most of this porosity
is ﬁlled up by a binder, leaving only a few tenths of one percent
porosity. This does not mean however that particles cannot achieve
better packing with a change in porosity. Furthermore, as a sample
is stretched, the reverse process can occur in the particles which
will decompact and then, under the inﬂuence of local stresses in
the binder, can be rearranged to new packing. This latter process
is facilitated by the dilatation of the composite which ensues with
stretch.
Because of the frictional constraints of the binder, the rates of
compaction, decompation, and rearrangement of particles and slip-
page of the binder are all slower than they would be in a granular
medium. In fact, in most non-cohesive granular media, the relation
is so fast that is practically non-observable after a few seconds.
Since this slow relaxation of stress in propellants is of import in
practically every application, we consider it most important to
determine next the time scale of the slippage of binder around
particles.
6. Conclusions
We are led to three important conclusions which are the result
of the creep and relaxation studies on ammonium perchlorate
particles.
(a) The time scale associated with the relaxation of frictional
forces between particles is not as long as that associated
with forces between particles and binder.
(b) The particles can compact or decompact making for tremen-
dous changes in the shear properties of a propellant as a
function of superimposed hydrostatic pressure. The depen-
dence should show up in a Mohr–Coulomb failure trace.
(c) Since approximately 80% of the propellant micro-structure is
statistically indeterminate, a deformed structure can accom-
modate a relatively large strain and hold it while relaxing
the stress to zero. Only after approximately six months will
the stress have relaxed to its equilibrium elastic value of a
few tenths of a psi. This implies that the effective modulus
of an unﬁlled composite is roughly a hundred times less than
of this of the ﬁlled composite, and this is exactly what one
observes after removal of the perchlorate particles. The
resultant binder is quite a soft ‘cheesy’ material. We can
observe that the modulus of the 47 vol.% voided foam used
by Ko (1963) in his thesis studies has a value of 30 psi which
is a good factor of ten less than the modulus of the same bin-
der ﬁlled with ammonium perchlorate particles.As a result of the stress relaxation studies on the glass ﬁlled bin-
der, we conclude that there are three regions of characteristic
behavior evinced by most composites. In Fig. 6 the region of rapid
rise corresponds to storage of dilatational strain energy in the bin-
der and ﬁller in proportions determined by their respective bulk
moduli. In this region, the value of Poisson’s ratio o the binder is
close to one-half. The second region, on which dewetting occurs
rapidly, is one in which both Poisson’s ratio and shear modulus de-
crease in value while adhesion bonds are broken and voids are
formed around each particle. The third region is one in which a
slow rearrangement of the ﬁller particles occurs. This slippage of
the particles is probably attended by rehealing of the bonds. This
conclusion is evident from the fact that recovery takes as long as
stress relaxation.
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